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& ool Hi= Alple]l 4 I §

e

Arp} e HE bol
Jehlle Hmoln], Age] hdAeld 1 AFde] o] dnhl 4@
el Hmolnk 7 el AT gAe olstel FANL ol A

AFE8 = A tHWhite(1983), Gentry and Ladd(1994)).

< 3> &9 F J|E=XX|CHAE XA M= H|S(2000)
(2 %)
A A B A A A 7] 222 A
AE f’;;?] A% | ey | o | A% B o
v-g | S5HEA A2 | A2 T
1A 8961 91.0| 881| 938| 83| 841| 89| 910
A5A 155 15.2 18.2 385
TEA 2110 261 | 259| 442
5] A 1.2 2.3 79| 113
1A 1681 267| 161 263 | 223
AAEA 36 235 | 275 6.7 5.7
A5 2 A 9.8 88| 124 198 | 190
A A 0.0 0.0 0.0 0.0 0.2
L EA 0.3 0.1 0.1 0.6 15
7B - v A 2.8 3.3 05 8.8
EL BN 11.1 96| 133 211 | 290
FFEAA 6.3 520 | 453 99| 111
T3 A 1.2 1.2 16 2.5 2.3
B4 A 8.1 6.8 9.8 41| 137 129 104 6.5
LA A & A 4.0 5.0 5.7 0.0 6.7 3.0
FEA A 17 1.7 2.2 3.8
A 4 A 1.9 0.0 01| 137 129 3.7 35
A A 7 A 0.4 0.0 1.8 0.3
I =4 2.3 2.2 2.1 2.0 3.0 3.1 2.6 2.5
A (%) 100 100 100 100 100 100 100 100
SA(109) | 20,361 | 5360 | 4,077 | 4,147 844 683 | 4,183 | 1,068

A5z YAARR 200D, TAEAH AT,
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logT =a+bt, +¢ (12)

MNA)eNA T 2 WgAE o] Alpsle, s 713koln o)A whulin
AZF =94 1980 o] %9 7]7H1989~2000)= o ® st St e 2
2-gkolt). A(12)F ol-&std sk ol AlTA by ld 713F St ZF Al
T WHANGES HERHHID), ol & sl AlEe] A8 e
Aok Zp A9 b AREAME HA2)1H o] AlFAlel Y BEL
A o] &R BELAFOY] wiel Fho] A dhAle] bgAe] =2 A
& HERA Aok flelA Adgsiale], AR <GB 3>9 AlE Sl A
Aol 7127 22 A5A, S5A, FUA, AsabAl Bl aH] Al o],

ol A el AE IS Aeld Aol <& 4>t
= FUAG ARERA Ol
. HASA9 TEAe A%
Hjgto] FRIA e} AbEARAle] AES 47
2 TFARG = dvehal gl bEAdE B
= Z}2F 0.00749¢F 0.00678%1 ©l Mgt FRIAl=
0004145 FRIAZE HS5A 2 FEALRT o PgA<Ql AlEow vehal 9l
thoolx g A Qg Al mlFo] Botke HEA Bl FEAlE Al RA
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=3
MV
1-0
2N
_}L

<HE 4> FALM| AEdt kg e(1989~2000)
A FE5A 55 Ap-ZHA el A A
A 7.80% 4.86% 5.26% 7.49% 1.82%
t#k 188 6.49 776 851 7.13
2HZRAF | 0970 0.789 0.843 0.867 0.819
gAY 0.00414 0.00749 0.00678 0.00830 0.00255

A Ars AA2)A b Aol Al 1008w AlEE ER.
AR A o AFA e BFELAE e,
AR G(ZHA), TA A 1.
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Al, AREARAL Al EeianAls SEAI9E G olA s G AR A Al =
Hof k. ololl mla] Eo] Hf- olF I AES AlTAlR Hof Utk webA

F A, AEAA 28 s Aol 3 AR <E 5>9] Swalel 3eix]
2 N=R e

<# 5> FARKIEH| =R X[AM2| 1215 el B0 At F& X10|(2000)

FAAAGA A | 5EA B FAA =
oAl g | HTl/F & Hol Al g | Tl/F & Hol Al e | T/FH &
FAED)AATA | 0529 58 0.216 1.7 0.361 3.6
# = Al 028 29 0.187 1.7 0.357 29
5 = Al 0287 29 0.260 2.0 0.227 2.0
—Zr vl Al - - 0.506 3.3 - -
A 5 A A - - 0.104 14 - -
2 o A& v A - - 0.079 1.3 - -

<& 6> 7|EXX|EH| T2 X|PMel 1215 FE Ho At =5 X10](2000)

7] Al AA 371 A 371
ol Al | Hh/F 4 | ol Al | Hl/A A | WolAle | Hl/A A
71 Al AAIEA | 0235 24 0.229 24 0.247 21
THEAA 0.501 51 0.463 48 0413 44
2 2kA) 0.222 2.8 0.212 22 0.258 26
FRIA 0.5%4 6.6 0.555 6.6 0.750 58
A& ZHA 0.111 1.6 0.120 1.6 0.089 1.3
wal 2] A 0.243 25 0.204 20 0.109 1.4

Ap3 s A AR R-(2001), TA AR A .
EAA Fd o] A, hitp://www.nso.go.kr/
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132 wHAl vehan glvh jh FiAle) A9 O BEe) Ale =zt
Solut ALY QI R Foll wheh thEA H8-57] wigel A HTke] Al
Apol7b AA vl AR o] S

oz 7|RAAGAE ger o AAlEe] ASt dAgel #
gto] AHE7|R shxb <& 6>9 T|HRAAEA T
ol 7ot Hek ApolE e AMENE & 5 5ol ZEARGA (A R)
of 109 ABAREe] HAG LS FAA
Ak A7 A AL AEAl FAE vleo s B o 190" Farl e

AGE 0235, ANA(FAN)/H2A(FEFAE] it Foli= 24mfolt), F8
4 s

e = sl

Z1ZAA A O Ak A S A Al AbAl el A7t 3
2 87, FREAMNE <E DOZREH & F %ol A5} FA
AR Aol 7 mE HlES AAshE AlEOItHAM RS A AT
AA T Al o] 52.0%, Al AR AR Al 9] 45.3%). SLEuh Al
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[. Introduction

The interaction between economic growth and environmental quality 1s a
controversial issue that has received a considerable amount of empirical and
theoretical attention over the last few vears. Much of the empirical interest
has centered on the relationship between per capita income and various types
of pollution. Studies by Holtz-Eakin and Seldon(1992) ; the World Bank(1992) ;
Grossman and Krueger(1995) ; Seldon and Song(1994) ; Bradford, Schlieckert,
and Shore(2000) ; and others suggest that for some types of pollution, the
pollution levels initially worsen as poor economies begin to develop and then
improve as economies become richl). This inverted U-shape relationship
between income and pollution 1s frequently referred to as the environmental
Kuznets curve.

A variety of theoretical models have been developed to study the
relationship between environmental quality and economic growth. John and
Pecchenino(1994) and Jones and Manuelli(1995) have developed overlapping
generations models of growth that include environmental considerations. In
the former paper, young workers invest in physical capital and environmental
quality; there may be multiple steady-states; the equilibrium solutions are
generally Pareto inefficient; and environmental quality may deteriorate
mnitially and improve later. In the latter paper, pollution is regulated by
collective decisions while economic growth is determined by market
interactions, and the time path for pollution can take on different forms,
including an inverted U, depending on the collective decision making

mechanism used. Others have studied the relationship between growth and

1) Harbaugh, Levinson, and Wilson(2000) argue that some of the evidence
supporting such a relationship is not really robust.
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pollution in endogenous growth models with an infinitely lived representative
individual. Bovenberg and Smulders(1995) have used a model that incorporates
endogenous pollution-reducing technological progress to investigate the
conditions under which balanced growth is optimal, sustainable, and
compatible with a stable quality for the natural environment. They also
discuss government policies to implement the optimum. Elbasha and
Roe(1996) have developed a model with endogenous technical change to study
the effects of international trade and environmental quality on long run
economic growth for a small open economy. Stokey(1998) has extended both
the standard AK model of endogenous growth and a simple neoclassical
growth model with exogenous technical change to include pollution in a
straightforward way. She shows that both types of models generate an
environmental Kuznets curve for realistic values of the elasticity of the
marginal utility of consumption, but that they have very different implications
for long run growth. Sustained growth is not optimal for the AK model in
the presence of pollution because the stricter emission standards that
accompany growth eventually reduce the rate of return on capital to the point
where capital accumulation ceases. In the neoclassical model with exogenous
technical change, sustained growth can be optimal because a growing capital
stock and even stricter emission standards are compatible with a constant
rate of return on capital. She also shows that a pollution tax or a voucher
system can implement the optimum for either type of model.

In this paper we analyze a model that is similar to Stokey's(1998) except
that we replace her AK technology with a technology that differentiates
human and physical capital. Our representative consumer has preferences that
are identical to those in Stokey’s analysis, but our technology follows the
Uzawa(1965)-Lucas(1988) model of endogenous growth augmented in a

straightforward way to include pollution and the possibility of pollution
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control. We assume that the production of physical output generates pollution,
but that human capital is produced without pollution. This is a simple way
to take account of the fact that human capital can be produced much more
cleanly than most types of physical output. We also assume that it is possible
to reduce the amount of pollution by using some physical capital for pollution
control?). We treat pollution as a flow; this simplifies the analysis and seems
reasonable for the types of pollution that dissipate rapidly.

As well as our model generates an environmental Kuznets curve for
realistic parameter values, it has very different implications for long run
growth than does the existing literature of growth theory. Economic growth
1s sustainable; and in the long run it is optimal for human capital to grow
more rapidly than physical capital, output, and consumption, while pollution
declines for realistic values of the elasticity of the marginal utility of
consumption. Transitional dynamics show that the trajectory approaching the
steady state, which also satisfies the transversality and optimality conditions,
is unique. Pollution acts as an externality in this model, and a competitive
equilibrium 1s not Pareto efficient without government intervention. This
paper shows that the optimum can be implemented with a pollution tax or
with a voucher system, but not with direct regulation.

In the absence of pollution, Stokey’s model simplifies to the standard AK
model and our model simplifies to the Uzawa-Lucas model?. An argument
similar to Rebelo’s(1991) shows that in many cases the standard AK model

has the same long run behavior and the same long run policy implications

2) A model with the same structure as ours can be derived using Jones and
Manuelli's(1995) assumption that there are many types of malleable(physical)
capital that differ in their “cleanliness” but are perfect substitutes in production.
We have followed Gruver(1976) who developed a neoclassical growth model in
which some(physical) capital is used for pollution control.

3) The AK and the Uzawa-Lucas models are analyzed in Barro and Sala-i-
Martin{1995).
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as do more complicated models that distinguish human and physical capital.
That argument clearly fails here. The reason is quite straightforward : the
instantaneous utility function in our model is not homothetic in consumption
and pollution, and the Rebelo’'s argument fails if preferences are not
homothetic.

The next section of the paper develops our model. We initially assume that
a benevolent planner maximizes the representative individual's preferences
subject to the constraints of the model, and the results of that optimization
are given in Section III. Section IV analyzes transitional dynamics using phase
diagrams that show the direction of the economy variables, depending on their
mnitial values. In Section V, we show that the Pareto efficient solution can
be implemented in a competitive economy using either a simple pollution tax
or a voucher system. Section VI is a brief conclusion. The mathematics for
deriving the planner’s optimum and for analyzing transitional dynamics and

the competitive economy are in the Appendix.

. The Model

We consider an economy with stocks of human capital and physical capital.
Both human capital and physical capital are used to produce a final output
that can be consumed or added to the stock of physical capital. The production
of final output generates pollution, but it is possible to reduce the amount
of pollution by devoting some physical capital to pollution control. Human
capital 1s the only input in the production of human capital, and the production
of human capital does not generate pollution. For simplicity, we assume that
neither human capital nor physical capital depreciates.

The representative individual’s preferences are given by
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where C and X denote consumption and pollution, respectively, and 0>0,
®>0, and v> 1 are fixed parameters. The instantaneous utility function is
increasing in C, decreasing in X, and jointly concave in C and X, but it is
not homothetic.

Let H and K denote the stocks of human capital and physical capital,
respectively, and let 0<u <1 and 0< z <1 denote the fractions of the
respective capital stocks that are used to produce final output. Final output,
Y, is given by the production function

Y = (zK)"(uH)*" @
where 0<n<1 is a fixed parameter. Since final output can be consumed

or added to the stock of physical capital, we must have

C+K =Y 3

where a dot over a variable indicates a derivative with respect to time.
Human capital accumulates according to

| = 51—
H =51-u)H )

where 6>p is a fixed parameter?.

For simplicity, we assume that pollution dissipates rapidly, and we take
pollution (X) to be the flow of currently generated pollution. The physical
capital not used to produce final output is used for pollution control, and we

assume that the ratio of pollution to final output is given by X /Y =2z" where

4) The Uzawa-Lucas model with no depreciation requires that 6>p for long run
growth to occur.
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a>0 is a fixed parameter. Thus, pollution is proportional to final output for
any given value of z, and pollution and final output are equal if there is no
pollution control{z=1). Since an increase in 1~z corresponds to a decrease
in z, this specification implies that the ratio of pollution to final output
decreases as the fraction of the stock of physical capital used for pollution

control, (1—2), increases. It is convenient to define B=a/n so that

X =zPy . 5)

(6-pa
ca+w

Let a=Pyl-n >0 w=y-1+0>0 gnd 9= >0, For the existence

of the optimal solution, we require the parameters of the model to satisfy the

following conditions:

-p+(1-0)g <0 (6a)
and

o>Bn/(B+1) (6b)

There 1s a substantial amount of empirical evidence that strongly supports
the hypothesis that® 0> 1. Since (6a) and (6b) are satisfied if 6> 1, both
are consistent with the empirical evidence.

We now assume that a benevolent planner maximizes (1) subject to the
constraints given above and to the initial values of H and K, say Hy and

Ko, respectively.

5) For example, Hall(1983) estimates the intertemporal elasticity of substitution for
consumption(1/0) to be near zero and recent work by Ogaki and Reinhart
(1998) suggests values around 0.4. The latter paper has additional references.



86 BT

III. Optimal Control of Pollution and Sustained
Growth

Let Q=K"(UH)™ Since pollution is not controlled when z=1, we can
mterpret @ as the final output that could be produced if there is no pollution
control, or alternatively, as the amount of pollution that is generated if
pollution is not controlled. In Part A of the Appendix we show that it is

optimal to choose z so that

N -0l %
DS i ey

z= E OB +Den (7N
= 1 it C°>(@+1)eQ""

To see the intuition behind this condition we can use (5) to eliminate =

in (2); this gives

1 Bn Ba-n) 1 B

Y:XBHKBTl(uH) B+ :X{TﬂQﬁ, (8)

which can be interpreted as a production function in which pollution is an
inputf). However, the constraint z < 1 places an upper limit on the amount
of pollution available ; indeed, we must have X < ©. We can combine (3) and

(8) to get a relationship between consumption and the input of pollution,
U T .
C=XPQP -K . Given the values of H, K, u, and K, the graph of this
B B

relationship looks like curve P in Figure 1. Its slope, (B+1) _lXBTlQBTl, is the

6) Tahvonen and Kuuluvainen(1993) developed a neoclassical growth model by
treating pollution as a normal input to production. However, they do not impose
the condition X<@.
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marginal benefit of pollution measured in units of consumption. The curves

labeled U7 and U- in Figure 1 are indifference curves for the instantaneous

utility function. The slope of these indifference curves, @' /C™° is the
marginal cost of pollution in terms of consumption. If the level of pollution
is freely variable at the margin, then it is optimal to choose it so that its
marginal benefit equals its marginal cost. If we assume that @ corresponds
to X» in Figure 1, then the optimal choice is the tangency point, (X*, C°).

We can equate the marginal benefit and marginal cost to see that?

B
(va—l _ 1 0Qrp~ 9
c®  p+1ixH ©)

[Figure 1] Optimal Choices for Consumption and Pollution

C
Uh Uz
P
C /
Ca
0 X, X X, X

B
7) Since (Q/X)* =1/72"" =Y/ X we can substitute from (Al) in the Appendix to

see that the tangency condition corresponds to (A3) in the Appendix with z<1.
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when tangency occurs. We can combine (2) and (5) to see that X =2#7"Q,
and if we use this to substitute for X in (9), then we can solve to get the
equality on the first line of (7). The inequality on the first line of (7) follows
because X < Q. However, if we assume that that @ corresponds to X, in
Figure 1, then the tangency point is not feasible, and the optimal choice is
the point ( X, (). In this case , z=1, X=0), and marginal benefit can exceed
marginal cost; this gives the inequality in the second line of (7).
Intuitively, now, consider a growing economy for which K and H both are

mitially small. Since u is bounded and v>> 1, there is an interval of time
during which Q"™ and C are also small and the marginal utility of

consumption, C™°, is large. In such a case, C° > B+)®"* and the economy

does not control pollution. So long as there is no pollution control, pollution
clearly increases with output. As the economy grows, Q" and C increase and
C™ decreases. Eventually a time is reached when C °equals and then exceeds

B+D@"™, As this occurs it is optimal for pollution control to begin. In Part
C of the Appendix we argue that pollution control does occur in the long run.
Whether there is an initial interval with no pollution control depends on the
initial values of H and K.

In Part C of the Appendix we analyze the long run behavior of this
economy. We show that in the long run it is optimal for output, consumption,
and the stock of physical capital to grow at the same constant rate,
Y/Y=CIC=K/K =g while human capital grows at a greater rate,

H _Oa+wO L X _(1-0)
— = > = 7
v BT‘ Eg 9’ and the growth rate of pollution is given by X y

If 0> 1, as evidence suggests, then our model produces an environmental
Kuznets curve for an economy that begins with H and K small. Indeed,

pollution grows with output during an initial phase when pollution is not
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controlled, but in the long run it is optimal to control pollution and the
quantity of pollution actually decreases if 0> 1. Figure 2 shows the optimal
time paths of per capita income (output) and pollution, and Figure 3 shows
the relationship between per capita income and pollution, both in the case of
0> 1. The sudden drops of slopes in Figures 2 and 3 are because the optimal

z is divided into a corner or an inner solution by equation (7).

[Figure 2] Optimal Time Paths of Per Capita Income and
Paollution in the Case of 0> 1
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[Figure 3] Relationship between Per Capita Income and

Pollution in the case of 0> 1
Pollution x

Ye |

AY

¢ Per Capita Income
Critical Level of Income

Our model also implies that consumption and output growth are sustainable
in the long run. This occurs because human capital, which is produced
without pollution, can be substituted for physical capital in the production of
final output thereby freeing more physical capital for pollution control. Indeed,
in the long run the fraction of the stock of physical capital not used for

. 7z Dy-l+o0
pollution control decreases at the rate 5 —W%Q.

Since consumption Increases in the long run and pollution is either
decreasing or constant if 0> 1, it is clear that growth in instantaneous utility
1s also sustainable when 0> 1. In Part C of the Appendix we extend this
by showing that instantaneous utility is increasing in the long run so long
as (6a) and (6b) hold.
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IV. Transitional Dynamics

In this section we analyze the transitional dynamics to investigate the
dynamic behavior of the economy. In order to facilitate the analysis, it is

useful to define the following variables :

at+w

k=KA@w c¢=C/K, YEY/K and h=H/K = (10)

where A2 is a shadow value of human capital.
Then the dynamic system for ¢, v, u, k, and h consists of the following

differential equations®:

¢=cy(c—c,) +Ayc (Y —Ys)
y=AYs(c—c) +A, Y (Y -Ys) (11)

u = AJCUS(C _CS) + a"IS(LJ _uS)

and
K _
E—y_ys_(c_cs) (12)
h_Ca+wd, _ , Oa+vwd, o
E_ a E(C CS) ‘HTH(y ys) au ﬂ‘Is) (13)

where ¢s, vs, and us are the steady state values of ¢, y, and u, respectively.

Solving the characteristic equation for the associated homogenous system

8) See Appendix(Part C and Part D) for a detailed process of mathematical
derivation.
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from equations in (11), we can determine that the steady state (Cs»Ys:Us) has
the usual saddle point property.

Graphs of the ¢/c=0, ¥/¥=0 and u/u=0 loci have the appearance shown
in Figure 4 and Figure 5, which also show the direction of motion in the
different sections of the phase diagrams and some typical trajectories
including the unique trajectory (SS) that approaches the steady state. Also,
the optimal dynamic behaviors of k and h are shown by the trajectories (SS)
approaching the steady state in Figure 6 and Figure 7. In Part C and Part
D of the Appendix, we show that the transversality and optimality conditions
are satisfied for the trajectory SS, and that any trajectory other than SS either
1s obviously not optimal or violates a transversality condition. Hence, SS is

the only trajectory that satisfies the optimality conditions.

[Figure 4] Phase Diagram in (¢, v)¢Smace
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[Figure 5] Phase Diagram in (c, 1) Space
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V. Implementation

We now investigate how the optimum described in the previous section can
be implemented in a competitive market economy. For simplicity we assume
that the economy consists of a single firm, a single individual, and a
government that levies taxes and distributes subsidies?®. Both the firm and
the individual act as price takers.

Assume that the firm rents human and physical capital from the individual
and that the government levies a tax on the pollution produced by the firm.
The firm chooses how much of the physical capital that it rents is used for
pollution control subject to the constraint that z < 1. Since the firm owns no
capital, it simply makes its choices to maximize its profit at each instant of
time. Let r, w, and T denote, respectively, the rental price for physical capital,
the rental price (wage rate) for human capital, and the tax rate on pollution.
It is convenient to let L=uH denote the amount of human capital the firm

rents. Given (8), we can formulate the firm's objective as choosing K, L, and

1 pn @)
X to maximize XP2KP?LP? —rK -wL-1tX subject to the constraint

K"L'™ = X . Since this production function is homogeneous of degree one and
since the firm is a price taker, Euler's theorem applies and the optimized profit
is zerol0),

The individual derives income from the physical and human capital that
1s rented to the firm. In addition, we assume that any taxes collected by the
government from the firm are given to the individual as a lump sum subsidy.

The individual uses these revenues to purchase the firm's final output. The

9) It is straightforward to extend the analysis to an economy with many identical
firms and many identical individuals, but nothing of real interest is added.
10) There is a derivation of this in Part E of the Appendix.
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individual chooses how much of the output purchased from the firm is used
for consumption and how much is added to the stock of physical capital.
The individual also chooses how much of the stock of human capital is rented
to the firm and how much is used to create addition human capital. The
individual faces two constraints. If we let S denote the lump sum subsidy

from the government then one constraint is
C+K =rK +wuH +S, (14)

The other constraint is given by (4) above.

The individual's preferences are given by (1) above. The individual takes
the evolution of X as given, and chooses the evolution of C and u to maximize
(1) subject to the constraints (4) and (14) and to the initial values for H and
K.

For equilibrium, the individual and the firm each optimize and all markets
clear. We have implicitly incorporated the clearing of the rental market for
physical capital by using the same variable for physical capital in both

optimization problems. The output market clears if (3) holds, and the rental
market for human capital clears if L=uH . Moreover, S=1X because the
pollution tax is given to the individual as a subsidy.

Suppose that the tax rate is given by

-1
B(péyo if z=1
_B
=0 (15)
0 1
qernZ Y

where X and C evolve as in the solution to the planner’'s problem. In Part
FE of the Appendix we show that the conditions for an equilibrium imply that
the planner’s optimality conditions hold if and only if the tax rate is given

by (15). Thus, (15) is the optimal tax rate. Moreover, if the tax rate is given
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by (15), and if the firm maximizes profit at each instant of time, then the
optimality conditions for the planner imply that the optimality conditions for
the individual hold. In Parts C and D of the Appendix we argue that there
is only one solution to the planner’s optimality conditions, and therefore (15)
generates a unique equilibrium.

The tax rate given by (15) can be simplified. Intuitively, now, recall that

optimality requires that the tangency condition (9) hold if z<1. Since
(S

BB+ — 1/ ,Bn : : - =
(Q/X) 1/z" we can substitute into (9) to see that G+ Cv if
z <1, and this implies that the optimal tax rate can be written as
y-1
1= X
ce (16)

irrespective of the value of z. We show this formally in Part E of the

Appendix.

The optimal tax rate has a very simple intuitive interpretation : ®X riC -
which is the slope of the indifference curves in Figure 1, is the
contemporaneous marginal cost of pollution in terms of consumption. The tax
rate in (15) is simply the Pigouvian tax that corrects for the pollution
externality assuming that consumption and pollution evolve optimally. This
simple interpretation is not all that surprising when one recalls that in our
model pollution is a flow without cumulative effects.

The optimum can also be implemented with a voucher system. Assume
now that the economy consists of one individual, two firms, and a government
whose only activity is distributing pollution vouchers to one of the firms. The
individual and both firms act as price takers. Let r and w again denote the
rental prices for physical capital and for human capital, but now let T denote
the price of a pollution voucher. The flow of vouchers is X, and X evolves

as in the planner’s optimum. The firm that receives the vouchers sells them
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to the other firm and engages in no other activity. It earns a flow of profit
amounting to ™X which goes to the individual who is also the owner of the
firm. The firm that purchases the vouchers produces output using human and
physical capital that it rents from the individual. Its technology is given by

(8) with L=uH | and at each instant of time it chooses K, L, and X to
1 B Ba

maximize XPTKP2L P —rK —wL — X subject to the constraint K'L™ = X .

The optimized profit of this firm is zero. Now let S=1Xdenote the profit that
the individual receives from the firm that sells the vouchers. The individual
takes the evolution of X as given, and chooses the C and u to maximize (1)
subject to the constraints (4) and (14) and to the initial values for H and K.
It is easy to see that the optimality conditions for this version of the model
are the same as for the version with a pollution tax, and the result derived
for that model apply here. A voucher system can support the optimum.

With either the pollution tax or the voucher system there is, in effect, a
market for pollution that i1s separate from the markets for the two types of
capital. In either case the returns to the two types of capital can provide
accurate incentives to invest if the tax or voucher system is properly
designed.

Direct regulation, however, may not provide the proper incentives. For
example, if direct regulation takes the form of controlling z, then purchasing
a unit of physical capital means that a fraction z of that unit can be used
to produce final output with the associated pollution. In this case the return
to physical capital is not clearly separated from the price of pollution, and

the incentives fail to work properly.
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VI. Conclusion

We have analyzed an extension of the Uzawa—Lucas model of endogenous
growth that includes pollution and the possibility of pollution control.
Economic growth is sustainable in our model. In the long run it is optimal
for human capital to grow more rapidly than physical capital, output, and
consumption; and it is optimal for pollution to decline in the long run for
realistic values of the elasticity of the marginal utility of consumption. For
this model a competitive equilibrium is not Pareto efficient, but the the
optimum can be implemented with a pollution tax or with a voucher system.

There are at least two extensions of the model that would be interesting
to study. We have assumed that pollution can be treated as a flow. This
seems reasonable for types of pollution that dissipate rapidly, but not for the
types of pollution that linger in the environment for relatively long periods
of time. Those types of pollution would be more appropriately modeled as a
stock. We suspect that modeling pollution as a stock would not change the
results in an important qualitative way provided that the dissipation of
pollution stocks is not too slow. A complete analysis of such a model is
complicated by the addition of another state variable.

We have also assumed that human capital can be produced without
pollution. It would be interesting to develop a version of the model in which
the production of both human capital and physical output generate pollution,
but at different rates. We expect that our qualitative results would continue
to hold if human capital can be produced without too much pollution, but it
would be very interesting to determine what “too much” means in this

context,
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Appendix

Part A. For simplicity we ignore the constraints 0su<1 and z > 0. The
problem is to maximize (1) subject to (2)-(5), to the constraint z < 1, and
to the initial values for H and K. Given (2)-(5), the current value Hamiltonian
can be written as

1-0 _ (B+)npe n 1-n1y
r= C 1_(p[z K"uH)™]
1-o0 y

+A[(ZK)"(UH)™ -C] + A, &L —u)H

where M and A2 are the costate variables associated with K and H. For
optimality the equations of motion hold; C, u, and z are chosen to maximize
I' subject to z=<1 ; and the costate variables evolve according to
A =Ap=(/0K) and A, =Ap-(@/0H) Given (2) and (5), the optimality
conditions are (3) and (4) in the text and the following:
C7=M, (A1)

_@-mAY-¢X")
A,OH = (A2)

nA,Y - @+Hex']
z

>0 with a strict equality if z <1, (A3)

c o NAAY-oXY)
A=Ap K, (A4)
and

. - - Y
)\2:)\2p_(1 n)()\lY (pX )_)\26(1_u)

H (A5)
We also require the following transversality conditions to hold :
!iﬂrge'p‘)\lK =0 (AB)

and
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ime™A,H =0 (A7)
We can substitute (2) and (5) in the text into (A3) to get
ED\ [K“(uH)l‘”]l‘VDn[(B+11)y—1] iyl
O if A <@B+DoEK"(uH)™H
,-H0 B+De 0§
O
. 1

it A= @+)eK" (uH)"E"

which, after substituting from (Al), gives (7) in the text.

Part B. We now develop some algebraic facts that are useful in what
follows. Define

a=pyl-n), b=py+yL wsy-l+o mEBB—fl and 9=8702 (1

ca+w .
Substitute from (A8) to see that

Byn _o(a+l) 1 @ +w)

b-a b-a b-a

(A9)
Substitute for w, a and m, add and subtract YBN, and simplify to see that

o-w-(a+l)m= (Byn+y-9) BUB‘EEV"] +yD(BH) =(b —a)(m -D.

(A10)

Substitute for w, collect terms involving 0, simplify, and use the fact that
b-a-(y-D) =Byn to see that

oa(b+1) —-b(ca +w) +(b -a)(a +w) =a[(b -a { y3)] = Pyn (A11)

Use the fact that (P+Dm=pyn <implify, substitute for w, simplify again,

and use the fact that P—a-(v-1) =Byn to see that
a(b+1)(m-o0) +b(ca +w) —(b —-a)(a +w) =apyn-a c-ab #&* -aw

(A12)
=aByn-alb —a —(y-1)] =a( Byn-Byh H.

Substitute for (b=a)(m-1) from (A10) and add and subtract Pa(m=-0) to get
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plb-a)(m-) +(m-og(p+tad =-g @ W) | 6-ja( om). (A13)
Use (A10) and simplify to see that

of(b-a)(m-D+w-o+m -mw = @ +w)m, (A14)
Simplify and subtract and add P%& to get

-(p+ado-fAw -9 =-d@ - =-pa W) { d-pa@ (A15)
Substitute for a to see that

B+)y-(1+a) =Byn+y4 (A16)
and substitute for a and w to get

B+Dyo-pyn-@ w =11 —¢( Byn+y 3, (A17)

Rewrite and rearrange terms and then substitute from (A16) and (Al7) to

see that
(B+Dy(d@ +m) -Byg d-pa € p+( @ W)
=B+DYd@ -pa +p@ +@) -ByGS-J@  p+d & @) O W) (A18)
=[p(oa+w) ~(1-0)(3-Pal( Pyn+y ).

Substitute for g, rearrange, and simplify to see that

O(ca+w) —(d-p(a +w) _ . [a +wQ
ca+w =0 Ha Hg' (A19)

p-L-0g=

Substitute for (0-a)(M-1) from (A10), simplify, and note that b-a>0 and

w-0>0 to see that

ob-a(m-) -(m-o)(w -0 - -da f)m -m(w - ¢ <0

o(b-a) o(b -a)

(A20)
Since m <1, (A20) and (6b) from the text imply that

o wW-0
>

o-m (b-a)d-m). (A21)
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Part C. We now develop the solution to the planner’s optimality conditions
assuming that the constraint z <1 can be ignored; this is equivalent to

replacing (A3) with

ALY =(@+DgXY, (A22)

Later in this Appendix we show that optimality implies that ['ﬂj z=0  and
therefore the constraint z < 1 is not binding in the long run.
Substitute (A22) into (A2) to get
AQuH =BL-meK” (A23)

Similarly, use (A22) in (A4) to get

Ar__ BnY
A P B+DK (A24)

and, since (A22) and (A24) imply (A4), (A4) can be replaced with (A24).
Substitute (A2) into (A5) to see that

Ay/h,=-@-p), (A25)

and since (A2) and (A25) imply (A5), (A5) can be replaced with (A25). The
solution to (A25) is

}\2 - u)e’(ﬁ’l])‘ (A26)

where © is a constant. We discuss the determination of © later in the
Appendix. It follows that if we ignore the constraint z < 1, then the optimality
conditions are given by (2)-(5) in the text along with (Al), (A6), (A7), and
(A22)-(A26).

It is convenient to work with the following transformed variables:

at+w

k=KA@w ¢=C/K, Y=Y/K and h=H/K (A27)
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Substitute (Al) into (A22) to get

X = oc~°y D$
HB+Dqd |, (A2Q)

and then substitute this into (A23) to see that

4 2 Ba=mCY
B+DoA, . (A29)

Substitute (A28) and (A29) into the first equality in (8) in the text to get

-o(atl) Byn -a

Y=AC b= Kbarba (A30)

1
where A = R A-n)" D yge (A27) to substitute for ¥ and C in (A30),
[3 +1)a+l 5a

simplify using (A9), and use the definition of k from (A27) to see that (A30)
can be written as

-o(a+l) a —( ca+w) -oad) @)

y: Alc b-a (K)\ga+w) b-a :Alc b-a k b-a (Agl)

which implies that

b-a -o(atl) —(b-a)

k = Afa+WC ca+w y ga+w . (ASZ)

Use (A27) to substitute for H, C, and Y in (A29), use the definition of k
from (A27), and finally substitute for k from (A32) to see that

h=_ Bl-me®y  _ Bl-mey _pl-me”ty
B+DHKAE™) = u (B+D)& = u  (BH) & u (A33)

We now determine the optimal evolution of the variables ¢, k, A, y, and u.

Note first that (3) in the text and (A27) imply that
K/IK=y-c, (A34)
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Differentiate (A1) to get A;/A,=-0C/C  substitute into (A24), and use (AS8)
and (A27) to get

olo.
al3

_p
¥=s. (A35)

Now, differentiate ¢ from (A27) to get ¢/c=C/C-K/K and substitute to see

that
§:C+Dm—0|]y_g
c Heo H . (A36)
Differentiate k in (A27), use (A25), and then use (A34) to see that
k_._ (5-pa
kY carw. (A37)

Differentiate the expression for fin (A27) and use (4) in the text and (A34)

to see that

h_ 5, batwQ o
pooTU Y O (A38)

_it()aja?%_(?baj;;)%’ substitute from (A36)

Differentiate (A31) to get %

and (A37), simplify, and then substitute from (Al0) to see that

p+déa

ow +
b-a

y _ -oQ
== c+(m-1y +
v Fb=aH (m-1)y
TFinally, solve (A29) for u and substitute for C, Y, and H from (A27); use
the definition of k in (A27); and substitute for v from (A31) to see that

(A39)

-o(b+1) ~b(ca+w)
U= BA-n)c’y _ Ba-ncy _Ac "ok O
(B+DSh(KAgw) a  (B+])dk 2 o (A40)

where A, =B1-n)A/(B+1) Differentiate (A40); substitute from (A36)-(A33),
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and collect terms to see that

_0o(b+1) ¢ _b(oa+w)
(b-a) c ab-a)

_DOoa(b +1) -b( @ +w) +Hb -a)(a wv)DC
a(b-a)

- k_h
k h

u
u

_Lab+(m=0) +b(ca +w) -(b @ WD, 5 , P*&E

a(b-a) b-a

which, after substituting from (All) and (Al2), simplifies to

u_—Byn ptéa
0 boa M, (Ad1)

Our approach is to take (A36), (A39), and (A4l) as a system of differential
equations in ¢, y, and u. Once the solution to that system has been
characterized, we can determine & and A and their rates of change from (A32),
(A33), (A37), and (A38).

Let ¢/c=0, y/y=0 and u/u=0 in (A36), (A39), and (A4l), respectively,
to see that a steady state for the system of differential equations!? is given
by (cy,u)=(c..y,,U;), where ¢, vy, and u, satisfy the following system of

linear equations :

Om-o0d p

B B Ts (Ad2a)

OW=00 | (m-1y, =
Ho-aH™ =~ Hb-aH (A42h)

e, -du, =
H-aH* " "b-a. (A42¢c)

11) This is not the only steady state as can be seen by multiplying through (A36),
(A39), and (A4l) by ¢ v, and u, respectively, and setting ¢=0, ¥=0  and
u=0. In Part D of the Appendix we show that none of the other steady
states is part of an optimal policy.
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To find © and Ys, apply Cramer’s rule to (A42a) and (A42h) and get

__p(b-a)(m-1) +(m - o)(p + &)

_ -(p+do-dw -9
ol(b—a)(m-1) +w—o+m -mw and ¥

~o(b-a)(m-1) +w - o +m] —-mw.

S

These expressions can be simplified by substituting from (A13)-(A15) and
(AR) to get

o —Pla+w) +(d-p(o-ma _ p+@ g _(BA)(da +p) -BOS-
: (ca+w)m m Bn(oa +w)

(A43)

and

_ploatw)+(d-pa _ p+ad
- (ca+w)m T m

Ys (A44)

where the last equality in (A43) follows after substituting for m and g and
simplifying. Since 8>p and 0> m by (6b) in the text, ¢> 0 and v> 0.
To find us, rearrange (A42¢), use the fact that b-a=pyn+y -1 substitute

for ¢s from the last equality from (A43), and use (A18) and the definition of
g in (A8) to see that

8, _(B+Dy(om +pv) —Pyfd-pa £ p+( @ W) =p-(1-9g.

@yn+y (@ +w) (A45)
This and (A19) imply that
o, =P=E299 -y R, (A46)

1 da

Condition (6a) from the text and the first equality in (A46) implies that us > 0
while the second equality in (A46) implies that us <1.
The corresponding steady state values of k and h, say k. and A, follow by

b-a -o(atl) —(b-a)

letting c=cs, y=ys, and u=us in (A32) and (A33) to get k_ = Agarwc oamw y mmw
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_ ola,,bla . . X
and h :%. It is easy to check that k=0 and h=0in (A37) and

(B+1)dA, ug
(A3B) if c=cs, y=yvs, and u=us
Let
_m-o _w-o —m— _~Byn
Ay===, A=y, » ATML and Ac b_a. (A47)

The linear approximation of (A36), (A39) and (A41) around (C, Y,U) =(Cs, ¥, Us)
18

C= CS(C_CS) +A\:ycs(y _ys)
y=AcYs(c—c) + A,y (Y —Ys)
u=A.Us(c—c) +au,(u -uy)

and the characteristic equation for the associated homogeneous system is

c,—U A 0
AcYs AyYs—U 0 1=(0u -l —U(A, Y, —U) —ACAY] =0 (A48)
AU, 0 ou, —

S

There are three roots to (A48). One root is uv=23u, >0, and the other two
are the roots of the quadratic equation f(v)=0 where

f(U)=(c, —U)(A,Ys —U) — A CALY, =V —(C, +A, V) U+A CY, —A ALY,
Since (A47) and (A20) imply that

10=(4, ~AAey, =PI 9y, <o

’

while f'(V)>0 it follows that f(V)=0 has two roots, one positive and the

other negative, Therefore the steady state (Cs Y..U;) has the usual saddle
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point property.
We now argue that if (G, Y,U) - (C5, Y5, Us) | then (A6) and (A7) are satisfied.

Clearly, k - k; and h - h if (c,y,u) - (Cs,¥s,Us) . Now use (Al), (A27), and

-(1-o)a —(@-0a

(A26) to see that A,K=CK=c K™ =c kN, caw =c k' % 02w gt 9%
where 0 is a constant and g is defined in (A&). It follows that
-(1-o)a

lime™A,K = c°k} 0w o |imel P99 =0 after using (6a) in the text. Similarly,

tooo tooo

(A27)  and  (A26)  imply  that  AH=AhK @ =AHKAGv] @ =
atw  —(1-o)a atw  H1-ga

hk 2 A2 =hk @ @ @ 9% and it again follows from (6a) in the text that
atw —(l-o)a

lime™A,H =hk. 2 w @w [img @99 =0

tooo too .

Although (A36), (A39), and (A4l) are nonlinear differential equations, they
do have a simple structure. Since (A36) and (A39) involve only ¢ and y and
their first derivatives, we can use these equations to draw a phase diagram

in (¢, y) space. From (A39), the y/y=0 can be written as

w-o .. p+da

Y= o-aa-m  b-aa-m.

Since b-a>0, m<1 and w-0>0, g graph of

the Y/Y=0 locus has the appearance shown in Figure 4; it is an upward

+da
sloping line with a positive vertical intercept at Y= Ya Em. It is

easy to see that y is decreasing above the ¥/Y =0 Jocus and increasing below
it.

From (A36), the ¢/c=0 locus can be written as

y=—2 c-—P_ (A49)

Since 0>m by (6b) in the text, the graph of the ¢/c=0 locus has the
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appearance shown in Figure 4; it is an upward sloping line that intersects
the horizontal axis at ¢=p/012), It is easy to see that ¢ is increasing below
the ¢/c=0 locus and increasing below it. The slope of the ¢/c=0 locus is
greater than the slope of the ¥/Y=0 locus by (A21). Figure 4 shows the
direction of motion in the different sections of the phase diagram and some

typical trajectories including the (unique) trajectory SS that approaches

(Ys:Co) . (For reasons explained in Part D, SS does not include a point on the
horizontal axis.) We have already shown that the transversality conditions
are satisfied for the trajectory SS in Figure 4. In Part D of the Appendix
we argue that any trajectory other than SS in Figure 4 either is obviously
not optimal or violates a transversality condition. Hence, SS is the only
trajectory in Figure 4 consistent with the optimality conditions.

+d&
From (A41), the U/u=0 locus can be written as U= 6(Ey_na) c- 6F()b ) This

equation depends only on ¢ and u and can be graphed in (CU) space. Since

b-a>0, g graph of the u/u=0 Jocus has the appearance shown in Figure
5 it is an upward slopping line with a horizontal intercept at
c=(p+a&)/(Byn >0, Clearly, u is increasing above the U/u=0 locus and
decreasing below it. In Figure 5 we have drawn a vertical line at C=¢C;,
The first equality in (A45) and the fact that U, >0 imply that
¢;>(p+3)/(BYN _ It follows that the U/u=0 locus and the vertical line at €= Cs

intersect in the positive quadrant as drawn. Assume now, as required for

optimality, that ¢ approach ¢s along SS in Figure 4. If ¢<(3)c, initially, then

12) If o=m, then the ¢/c=0 locus becomes a vertical line at c=¢ ; this does not
affect the analysis in any important respect. If 0-m <0, then the ¢/c=0
locus is downward sloping; in this case the ¢/¢=0 and ¥Y/Y=0 loci may fail
to intersect in the positive quadrant.
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¢ increases (decreases) monotonically to ¢s. Figure 5 shows the direction of

motion in the different sections of the diagram and some typical trajectories

including the (unique) trajectory SS that approaches (Cs:Us), We have already
shown that the trajectory SS in Figure 5 satisfies the transversality
conditions. In Part D of the Appendix we argue than any trajectory other
than SS in Figure 5 either is obviously not optimal or violates a transversality
condition. It follows that the SS trajectory in Figures 4 and 5 is the only
trajectory that satisfies the optimality conditions.

From Figures 4 and 5, it is clear that the optimal trajectory, SS, has the
following properties: Y—VYs >(90 if and only if ¢—¢ >(90 if and only if
u-u; >(90 if and only if ¥<(®0 if and only if ¢<(>)0 if and only if U<(>)0;
and it is never optimal for the (common) sign of ~(¥y V) —(c-¢) —(u-u,),
¢, ¥, and U to change. It is also clear from Figure 4 that the optimal
trajectory, SS, lies above (below) the ¢/c=0 locus as Y~ Ys (90, We can

OC_p

use (A49) to see that if ¢ and v are optimal, then Y= ¥, > (<) =Y
o-m o-m
if ¥Y>(9Ys. The second equalities in (A43) and (A44) imply that
P, Ys = ¢, and therefore
o-m o-m
c-e <GIH-THY-Y) it y> Oy, (A50)

We now use these facts to infer the optimal dynamic behavior of k and

_(6-pa

, and therefore (A37)
oa+w

h. Note first from (A43) and (A44) that Y, —C,
implies that E: y-y.—(c-c). If Y>(9Vs, then (A50) implies that

k mQJ m(y -y, ) ) )
K >(Qy -V, —ﬁ _EE(y -Ys) 2% >(90. The sign of Y~ VY is the opposite
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sign of ¢ along the optimal trajectory, and therefore if it is optimal for ¢ to
decrease (increase) to its steady state value, then it is optimal for k to increase
(decrease) to its steady state value. Since Y~ Ys does not change sign along
the optimal trajectory, it is never optimal for k to change sign. It follows

that the optimal trajectory in (¢, k) space will look like SS in Figure 6.
Since Ys~C =9 hy (A43) and (A44), the second equality in (A46) implies

a+wi R
that  Ou, +BTWH(VS =¢) =9 and therefore (A38) can be rewritten as

i
= Heme) TRy oY)~ ), and (A50) implies that if Y> (9.,

h -mJa+w[ .
—< (>)— - -du —-u - u-u AV \Y
then h (>) B_a B(y Ys) s) . Since Y~ Ys and s never have

opposite signs along the optimal trajectory, h/h<(>0 as Y>(9Y.. The

(common) sign of Y—¥ and U-Uis the opposite sign of ¢, and therefore
it is optimal for ¢ and A either both to decrease or both to increase to their
respective steady states. The optimal trajectory in (¢, h) space will look like
SS in Figure 7.

We can now describe how the constant © in (A26) is determined. Suppose

the initial value of his n =H /K2 Given hy, use SS in Figure 7 to

determine the initial value for ¢, say ¢, and given ¢, use SS in Figure 6 to
determine the initial value for k, say ko. Since (A27), (A26) and (AS8) imply

that = Koof’ﬁ, one can use the values of ko and Ko to determine 0. The

initial value of C, say (b follows from C; =GK,, and the initial value for u,
say up, Tollows from SS in Figure 5. If C;° < (B +1)(PB<S(UOHO)1'”HY_1, then the

constraint z<1 is not (strictly) hinding, and the optimal trajectory has been

determined. If the constraint is strictly binding, then the relationship just
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discussed will hold at the instant the constraint ceases to be (strictly) binding.

We have shown that if the optimal trajectory is followed, then !imc =c,

’

limy = Ve, limu =u, and limh=h,. Moreover, € =Y;~0 by (A43) and (A44),

tooo

and (A34) then implies that 1imK/K =y, —-c, =g . Since lim(C/K) =limc =c;
and !iﬂrD(Y/ K) = !imyz y. Wwhere ¢s and ys are constants, it follows that

limC/C =limY/Y =limK/K =g (A51)

Similarly, since !|m[H/K a D:!Imh:hs where N is a constant, it also
e g O t-=
H [a+ wO, K _Oa
I|m— = —
follows that " K H .
1
. . ey limk™oov
Substitute (A27) into (A28) to see that |imX=0—"t==_ 1. Since
toe H B+De H

limK =oo, it follows thatllmx 0if 0>1 that I|mx y¥ e (B+D)@ MVif o=1,

tooo

and that mx =w if o<1, Differentiate (A28) and use (Abl) to see that

X 1. ¥ CO_(@a-o0)g
lim—==limp--o—="—"—=
tee X ytee Co y . (A52)
ooy e
Use (B) in the text and (A28) to see that z= Emg . Since limC =

limY=cw, and Y>1 limz=0 irrespective of the value of 0. It follows that

t—oo tooo

the constraint z<1 is not binding in the long run. Differentiate z= (X /Y)Y

y OX YO_ DOy-1+o0
and use (A51) and (A52) to see that limZ= L iim Moo -c0= "0 509
(A51) (A52) =z Bnt-=gxX Yg O Byn H

ct° -1

1-0

XY . .
Iet U= ‘@T , differentiate, and use (A23) to get
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. e Y XxO . : :
U=C"pZ-———27  (Clearly, U has th ' _c__Y X
% B+1C xH - early, as the same sign as W c @+CX.

Substitute from (Abl) and (A52), note that limC/Y =c/y, , and substitute
from (A43) and (A44) to get

imw <A@+ ~A-9y.] _dlB+DY(p+ g -mg) {1 ~d(p+ @)
B+, (B+) gm

Now, (1-0)g > -phy (6a) and therefore ~1-0)(p+0a3) >-p. Since B+1y >1,

(c-m)g?

(6b) implies that limW¥ > (B+1)yc.m

>0 | and therefore !iml_] >0

Part D. In this part of the Appendix we argue that the trajectories other
than SS in Figures 4 and 5 violate an optimality condition. Multiply through
(A36) and (A37) by ¢ and y, respectively, to see that ¢=0when ¢=0 and
that ¥=0 when y=0. Thus, if ¢=0 (or y=0) at t=t, then c¢=0(or y=0)
for all t>t . It is clear from Figure 4 that all trajectories that pass through
points above the horizontal axis never approach that axis. Together these
facts imply that if a trajectory lies on the horizontal axis for some ¢, then
it lies on the axis for all £ We now argue that trajectories that lie on the
horizontal axis violate an optimality condition. The origin is a trajectory
consisting of a single point; it corresponds to an economy that never
consumes and never produces any physical output. It cannot be optimal
because one could consume the initial stock of physical capital to get positive
consumption with no output and no pollution. Now consider a trajectory that
moves on the positive part of the horizontal axis. For such a trajectory, y=0
for all £, and (A32) and (A40) imply that k=cc and u=0 for all ¢. Since u=0
for all ¢, (4) in the text can be integrated to get H = H, " where Hp is the
initial stock of human capital, and (A26) then implies ltn;l e”"\,H=wH, >0
which violates (A7).

We now show that all trajectories above the horizontal axis and to the left
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of SS in Figure 4 violate (A6). Let Q=e"AK=e?C™ K where the second
equality follows from (Al). Differentiate and use (A34) and (A35) to see that
%: -p- 0% +% =@ -my . The trajectories above the horizontal axis and

to the left of SS in Figure 4 have the property that !imcz 0 and 1ir£1yz A
Substitute and use the fact that m<1 to see that for those trajectories,

hmg-(l m)limy 2(1-m)y, >0. Since (A6) cannot hold if 1imQ/Q>0, none

lﬂoo

of these trajectories satisfy (A8).

We now show that all trajectories above the horizontal axis and to the right
of SS in Figure 4 violate (A7). Integrate (4) in the text to see that
H(t) = ét_af‘u(s)ds, and use this and (A26) to see that

lime ™A ,H = limoH e O Gice w#0, it is necessary that IimI;u(s)ds:w
t-oo

tooo

if (A7) is to hold. The trajectories above the horizontal axis and to the right
of SS in Figure 4 have the following properties. If the trajectory begins with
¢>0, then ¢>0 forever. If a trajectory begins with ¢<0(i.e, if it begins
below SS but above the ¢/c=0 locus), then it eventually crosses into the

region where ¢>0, and once in that region it remains there. Moreover,
lime(t) = e for all of these trajectories. Since u<1 for all ¢, (A4l) implies that

<P, D+p o <(F
t<
" b . C b—a . Now choose some © say t, such that ¢(t)>0 and
+
bﬁygc(t) + ap Smce BVH <0and Iimc = o0 it is always possible to find
an d+p

such a f. Define -M = C(t) t— T2 Clearly 0<M <o  and, since ¢>0,

u ~

GS_M for all t>t . Integrate and use the fact that U<l to see that
O a] u]

u) sut)e™ ) <e™ for all t>f, The fact that U<l also implies that

£ - o t w D o ot o1
foudt<t, and there’forejO u(t)dt = fu(t)dt+ [ udt<t+[e MO gt =t+ﬁ <oo

’
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so none of these trajectories satisfy (A7).

By construction, 1[ngc =c, for all trajectories in Figure 5, and all trajectories
above SS in Figure 5 have the property that !l_rQ uit) =0 . Use (A4l), the first
equality in (A45), and the fact that b-a=Byn+y-1to see that

imY = Py, +p+a@ _
t-ey b-a

t<ew and M >0 with the property that u/us-M for all t=t, and the

&, <0 . By continuity, it is possible to find numbers

argument in the previous paragraph then establishes that none of the
trajectories ahove SS in Figure 5 satisfy (A7).

The economic model requires u<1 for all £, but we have not introduced
this constraint explicitly into the analysis. All trajectories below SS in Figure
5 have the property that u increases beyond the value 1 in finite time, and
therefore all of those trajectories are inconsistent with our implicit assumption
that the constraint U<1 is not binding. Now, the trajectory SS in Figures 4
and 5 satisfies all optimality conditions, and, (at least for sufficiently large
values of ¢) the constraint us<1l is not binding along SS. Since adding a
binding constraint cannot increase the value of the objective function, we
conclude that no trajectory for which that constraint is binding for all large
values of ¢ can be optimal.

Part E. The Lagrangean for the firm’'s optimization problem is

1 pn BE-)

L =XPIKPL B —rK —wlL - X + &KL - X)

where & is the Kuhn-Tucker multiplier associated with the constraint

K" = X. Given (2) in the text, the optimality conditions can be written as

Bny |, ngK"L
B+DK K s

(A53)
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o BA-Y | @-mEKL

G+DL L 7 (Ab4)
and
__ Y
Z_(B+1)X T’ (A55)

where §20, K1 > X, and &KL= X)=0, To see that the firm’s optimized
profit is zero, substitute from (A53)-(A55) and use the Kuhn-Tucker

conditions to get

Y -rK —wL —tX = -§K"L"" -X) =0 (A56)

The Hamiltonian for the individual’s optimization problem is

1-0 _
F:C 1
1-0

Yy
—@XT FA[TK +WuH —C +S] + ), &L -u)H
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where M and M are the costate variables associated with the K and H,

respectively. The optimality conditions are

K =rK +wuH -C +S, (A57)

(4) in the text and (Al) above,

ABH = AwWH | (A38)
Ay =Ap-Ar, (A59)
A=A p-Awu-AB(1-u), (A60)

and two transversality conditions that are identical to (A6) and (A7).

We have incorporated clearing of the rental market for physical capital by
using the same variable for physical capital in optimization problems for the
firm and for the individual. The output market clears if (3) in the text holds,
the rental market for human capital clears if L=uH , and S=1X because tax
collections equal the subsidy received by the individual. Four of the
individual's optimality conditions are identical to the planner's optimality
conditions. To show that the equilibrium is optimal if and only if the pollution
tax is given by (15) in the text, we show that (A53)-(A60), L=uH and
S=1X imply that the remaining optimality conditions for the planner hold if
and only if (15) holds.

Given that S=1™X and L=uH 6 (A5) and (A57) imply (3) in the text.
Substitute (A55) into (AB4), multiply through the result by MH, and let
L=uH to see that

_ npn
S Qo BAY NKILTY ) npend (A61)

A, wH
u +1 (B+DX 0.

Substitute this into (A58) and compare the result with (A2) to see that (A2)
holds if and only if
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XY 1 0¥ Y O
= 7\1K”L1_” + (B+1) BY KnLl—n H (A62)

AY-B+DeXY
Substitute (A62) into (A54) to get &= (13+1)(§—|<ﬂ)3-(n which implies that
1

—_ Y np1-n
niA,Y = @+Dex] _ 4B+ )\;nK L where §20 with a strict equality if

z
K'W>X. Since K'W"=(>X if and only if z=(9I1 it follows that

ALY - B+D6X]
4

with a strict equality if z<1. This gives (A3).
Substitute (A55) in (A53) and multiply through the result by M to get

Ar= % %@% + (gi% - )\JQ% (A63)

Substitute this into (A59) and compare the result with (A4) to see that (A4)
holds if and only if T satisfies (A62).

Similarly, solve (A61) for AWwu_ substitute into (A60), and compare the
result with (A5) to see that (A5) holds if and only if (A62) holds. It follows
that the equilibrium conditions 1mply the optimality conditions for the
planner’s problem if and only if (A62) holds. Moreover, if the tax rate is given
by (A62) and if the firm maximizes profit so that (A53)-(A55) hold, then it
is easy to work back through the argument to see that the planner’s
optimality conditions imply the optimality conditions for the individual. Since
there is only one solution to the planner's optimality conditions, the
equilibrium corresponding to (A62) is unique.

y-1

)\1

If z=1, then X =Y =K"L"", and (A62) simplifies to T= . If z<1, then

(A3) implies that &X'/ A =Y/(B+)  and (A62) simplifies to
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Y 1
= B+DX = B2 where the second equality follows from (5) in the text.

Substitute from (Al) to get (11) in the text. Moreover, (5) and (A3) also

Y [ G

1
imply that if z<1, then B+)2" = GDX A which, after substituting

from (Al), gives (16) in the text.
1-n

Finally, note that (A61) and (A63) imply that K N
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Is Contingency Expenditure Transparent?

Sang Heon Kim and Jin Kwon Hyun

The contingency expenditure 1s to prepare uncertain expenditure which
cannot be met from regular budget structure. Its main characteristic is the
elastic expenditure, as government cannot predict all public spendings
precisely. However, this expenditure might be the systemic source for
resource misallocation, as each public office has some incentives to get more
budget for allocation. Even though the contingency expenditure is important
to evaluate the resource allocation by public sector, it has not been rigorously
studied. Its main reason is that information related to this expenditure has
not been open to the public.

From the analysis of contingency expenditures over times, we find that its
expenditure has the comparatively high level in amounts and week
transparency in process. We highlight several policy recommendations. First,
the optimal level of contingency expenditure should be presented in the
perspective of social welfare. Second, the pre and post-evaluation of these
expenditures should be strengthened to increase the transparency. We find

that the expenditure by National Information Agency has the least
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transparency in process. Even though this agency has the relatively different
characteristic from other public offices for the security reason, it is urgent
for this agency to voluntarily open the process of its expenditure for the

achievement of the transparency in government sector.
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The Demand Function of Local Public Goods and
Some Suggestions for Local Tax System in Korea
on the Basis of Benefit Principle

Joong—-Ho Kook

The local tax revenues in Korea mainly depend on acquisition tax and
registration tax. These taxes are levied on the transaction of the properties
such as land and houses etc., not levied on their possession values. As a
result, the benefit principle at the level of local governments is not well
functioned in Korean local tax system. We examine it by estimating the
demand function of local public goods in Korea with reference to the model
of Rubinfeld(1987). The result of the estimation shows that the local tax
system in Korea does not function well as the price of the local public goods.
Also, we calculate the growth rates, the stabilities, and the regional disparities
of main tax items in order to investigate the characteristics of Korean local
tax system. The acquisition tax and registration tax show higher instability
than other local tax items such as tobacco consumption tax and inhabitant
tax. Also the local tax revenues show higher regional disparities. This paper
presents some suggestions for the reform of local tax system in Korea to
let the benefit principle be functioned well as the price of the local public
goods. The main suggestion is that it would be necessary to establish a
comprehensive property tax that should be levied on the possession values

of the properties instead of incumbent acquisition tax and registration tax.
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The Effect of Compatibility on Prices and
Incentives for Technological Innovation in the
Presence of Network Externalities

Jeong-Yoo Kim

As the information technology industries are growing where network
externalities are inherent, compatibility between different technologies in the
industry has been an important aspect of performance. This paper explores
the relationship between the firms’ compatibility choice and quality improving
technological progress in a static model. I demonstrate that firms’ com-
patibility choice in anticipation of quality improving innovation critically
depends on how users’ expectations regarding the network size are formed.
In particular, if users have rational expectations, the firm with the small
innovation will prefer full compatibility, whereas the firm with the large
innovation will prefer complete incompatibility, and as a result, with the small

mnovation, excessive standardization may occur.
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Optimal Control of Pollution in
the Uzawa-Lucas Model of
Endogenous Growth

O-Sung Kwon

This paper incorporates pollution externality into the Uzawa(1965)-
Lucas(1988) model of endogenous growth to study implications of the optimal
control of pollution on economic growth and the environment.

Economic growth is sustainable, and in the long run it is optimal for human
capital to grow more rapidly than physical capital, output, and consumption.
In the long run, pollution declines for realistic parameter values, which
explains a downward sloping part of an inverted U-shape relationship
between income and pollution.

Our model with pollution has very different implications for long run
growth than does the existing literature of growth theory. In the absence of
pollution, an argument similar to Rebelo’s (1991) shows that in many cases
the standard AK model of endogenous growth has the same long run behavior
and the same long run policy implications as do more complicated models that
distinguish human and physical capital. That argument clearly does not work
when we take into account the pollution externality and the instantaneous
utility function is not homothetic in consumption and pollution, as in our
model.

We analyze the transitional dynamics to examine the dynamic behavior of
the economy. Transitional dynamics show that the trajectory approaching the
steady state, which also satisfies the transversality and optimality conditions,

1S unique.
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Pollution acts as an externality in this model, and a competitive equilibrium
is not Pareto efficient without government intervention. This paper shows

that the optimum can be implemented with a pollution tax or with a voucher
system.



	재정연구 제8권 제2호(통권 15호)
	1. 예비비제도는 투명한가?
	2. 지방공공서비스의 수요함수와 지방세원칙에 기초한 새로운 지방세체계의 구축
	3. 망외부성하에서의 제품 호환성이 가격 및 기술혁신 유인에 미치는 효과
	4. Optimal Control of Pollution in the Uzawa-Lucas Model of Endogenous Growth
	영문요약

